This is the definition of a Bézier curve. When ¢t = Othenz = zgandy = yo.
c=at’+bt>+ct+ g

y=dt3+et?+ ft+y

When ¢ = 1thenx = zsandy = ys.
zs=a 124+b124¢1+4a

y3:d13—|—612—|—f1—|—y0

Now solve for a and d.
a=-b—c—xg+wz,d=—c—f—yo+ys

Substitute for ¢ and d.
x:btz(l—t)—l—ct(l—tz) + % (23 — x0) + 7o

y=et?(1—1)+ ft(1—¢) +3(ys — o) + vo

Find the slope of x and y.

%:bt(2—3t)—|—c(1—3t2)+3t2(x3—x0)
dy 2 2
E:et(2—3t)+f(1—3t)+3t (y3 — yo)

Find the slope at the point {zg, yo}.
b0(2—3%0)+c(1—3%0%)+3+0%(z3—20)=c

e0(2-3%0)+ f(1—3%0%) +3%0%(ys —yo) = f

Point {1, y1} is on a line thru {xg, yo} using the same slope and ¢t = 1/3.

c
1= - + 2

3

ylzé-l-yo

Solve for ¢ and f.
c=3(x1—x0), f=3( — o)

Substitute for ¢ and f.
r=bt?(1—t)+t> (220 — 3z +23) +3 t(z1 — 20) + 20

y=et*(1—t)+*(2yo -3y +ys) + 3 ¢t (y1 — vo) + o

Find the slope of x and y.

d
CTf:bt(2—3t)+3t2(2x0—3x1+x3)+3(x1—x0)
dy 2

7 = et@=30+3¢ (250 =3y +ys) +3 (v~ wo)

Find the slope at the point {z3,ys}.
b 1(2—3*1)+3*12(2l‘0—3l‘1—|—l‘3)—|—3(l‘1—l‘o):3(l‘0—21‘1—|—l‘3)—b
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e1(2=3%1)+3%1*(2y0 =3y +y3) +3 (w1 —yo) =3 (yo —2y1 +ys) —¢
Point {3, y2} is on a line thru {x3, y3} using the same slope and ¢t = 1/3.
3(1‘0—2l‘1—|—l‘3)—b

r3 = 3 4z
3 — 2y + —e
yo = S0 y; ey,

Solve for b and e.
b=3(wo— 2214+ 22),e=3(yo—2y1+ y2)
Substitute for b and e.
=13 (29— 32 + 3wy —23) + 313 (29— 221 +22) + 3 t (21 — o) + 20
y=—t>(yo -3y +3y2—uy3) + 3 (o — 2y1 + y2) + 31 (%1 — v0) + wo

This is the Bézier curve in terms of the control points. [{zo, yo}, {z1, 11}, {22, y2}, {23, ys}].
Now I will simplify the calculations using a difference table. These are the first differences.

Lol = *1 —To
Yor = ¥Y1 — Yo
Li2 = T2 — L1
Yi2=¥Y2—"n
L23 = T3 — L2
Y23 = Y3 — Y2

Substitute in the first differences.
x It?’(l‘m — 2219+ x23)+3 tz(l‘u —201)+ 3¢ xo1 + 20

y =1 (yo1 — 212+ y23) + 3 12 (y12 — vo1) + 3 t o1 + Yo
These are the second differences.

Lo12 = T12 — Lol
Yo12 = Y12 — Yo1
L123 = T23 — T12
Y123 = Y23 — Y12
Substitute in the second differences.
r=1% (2123 — To12) + 3 1% 212+ 3t xo1 + 70

y=1t> (y123 — yo12) + 3 % yo12+ 3 ¢ yo1 + Yo
These are the third differences.

L0123 = 123 — Tol2
Yo123 = Y123 — Yo12
Substitute in the third differences.
=13 ro123 + 3 t* 2o12 +3 t 201 + 20
y =1 yor23 + 3 ¢ yo12 + 3 ¢ yo1 + Yo
The fastest way to evaluate a Bézier curve is the following:
b= xp12 + xo12 + o012
¢ = xo1+ ro1 + xo1
€ = Yo12 + Yoi2 + Yo12
J = yo1 + yo1 + yor
= (o123t +b)t+ )t +ag
y=((yorzst +e)t+ f)t+uyo



The following is the TeX source for the previous equations. Tex is not as easy to
use as PostScript, but | can not do equations in PostScript yet. | hope to work
on a project to do equations in PostScript unless somebody has put equations
in PostScript.

This is the definition of a BVezier curve. When $t=0\,

then x=x_{0}\, and\, y=y_{0}$.

$$x =a\, {3} +b\, \,t {2} +c\, \,t +x_{0}$3$

$$y =d\, \1{3} +e\, \1N{2} +1\, \,t +y_{0}$$

When $t=1\, then x=x_{3}\, and\, y=y_{3}$.

$$x_{3} =a\, \, 13} +b\, \,1N2} +c\, \,1 +x_{0}$$

$$y {3} =d\, \,1{3} +e\, \,17{2} +i\, \,1 +y_{0}$$

Now solve for $a$ and $d$.

$$a = -b -¢ -x_{0} +x_{3}, \,d = -e -f -y_{0} +y_{3}$$
Substitute for $a$ and $d$.

$$x =b\, \,t{2} \left( 1 -t\right) +c\, \,t \left( 1 -t*{2}\right)
+tM3} \left( x_{3} -x_{0}\right) +x_{0}$$

$$y =e\, \,1{2} \left( 1 -t\right) +f\, \,t \left( 1 -t*{2}\right)
+tM3} \left( y_{3} -y_{O}\right) +y_{0}$$

Find the slope of $x$ and $y$.

$$ { dx\over dt} =b\, \;t \left( 2 -3\,t\right) +c \left( 1 -3\,t"{2}
\right) +3\, \,t"{2} \left( x_{3} -x_{ON\right)$$

$$ { dy\over dt} =e\, \;t \left( 2 -3\,t\right) +f \left( 1 -3\,t"{2}
\right) +3\, \,t"{2} \left( y_{3} -y_{ONright)$$

Find the slope at the point $\{ x_{0},y_{O}\} $.

$$b\, \,0 \left( 2 -3*0\right) +c \left( 1 -3*0"{2}\right) +3*0"{2}
\left( x_{3} -x_{O}N\right) =c$$

$$e\, \,0 \left( 2 -3*0\right) +f \left( 1 -3*0{2}right) +3*0"{2}
\left( y_{3} -y_{ONright) =f$$

Point $\{ x_{1},y_{1}\} $ is on a line thru $Y{ x_{0O},y_{O}\} $
using the same slope and $t=1/3%$.

$$x_{1} = { c\over \,3} +x_{0}$$

$$y {1} = { flover \,3} +y_{0}$3$

Solve for $c$ and $f$.

$$c=3 \left( x_{1}-x_{O}\right), \,f =3 \left( y_{1}-y_{ONright)$$
Substitute for $c$ and $f$.

$$x =b\, \,t{2} \left( 1 -t\right) +tA{3} \left( 2\,x_{0} -3\,x_{1}
+x_{3N\right) +3\, \,t \left( x_{1} -x_{ONright) +x_{0}$$

$$y =e\, \,t2} \left( 1 -t\right) +tA{3} \left( 2\,y_{0} -3\,y_{1}
+y_{3Nright) +3\, \,t \left( y_{1} -y_{ONright) +y_{0}$$

Find the slope of $x$ and $y$.

$3$ { dx\over dt} =b\, \,t \left( 2 -3\,t\right) +3\, \,t"{2} \left(
2\,x_{0} -3\,x_{1} +x_{3}right) +3 \left( x_{1} -x_{O}Nright)$$
$3$ { dy\over dt} =e\, \,t \left( 2 -3\,t\right) +3\, \,t"{2} \left(
2\,y_{0} -3\,y_{1} +y_{3}right) +3 \left( y_{1} -y_{O}Nright)$$
Find the slope at the point $\{ x_{3},y_{3}\} $.

$$b\, \,1 \left( 2 -3*1\right) +3*17{2} \left( 2\,x_{0} -3\,x_{1}
+x_{3N\right) +3 \left( x_{1} -x_{ONright) =3 \left( x_{0}

-2\, x_{1} +x_{3}\right) -b$$

$$e\, \,1 \left( 2 -3*1\right) +3*17{2} \left( 2\,y_{0} -3\,y_{1}
+y_{3Wright) +3 \left( y_{1} -y_{OMNright) =3 \left( y_{0}
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-2\,y_{1} +y {3}right) -e$$

Point $\{ x_{2},y_{2}\} $ is on a line thru $\{ x_{3},y_{3}\} $

using the same slope and $t=1/3$.

$Bx_{3} = { \left( x_{0}-2\,x_{1}+x_{3}right)-blover \,;3} +x_{2}$$
$$y {3} = { 3\left( y_{0}-2\,y_{1}+y {3}right)-e\over \,3} +y {2}$$
Solve for $b$ and $e$.

$b =3 \left(x_{0}-2\,x_{1}+x_{2}right), \,e =3 \left( y_{0}-2\,y_{1}+y {2}
\right)$$

Substitute for $b$ and $e$.

$$x = -t\3} \left( x_{0} -3\,x_{1} +3\,x_{2} -x_{3}right) +3\,

\, 1M 2} \left( x_{0} -2\,x_{1} +x_{2}right) +3\, \,t \left(

x_{1} -x_{ONright) +x_{0}$$

$$y = -t\3} \left( y_{0} -3\,y_{1} +3\,y_{2} -y_{3}right) +3\,

\,tN2} \left( y_{0} -2\,y_{1} +y_{2}right) +3\, \,t \left(

y_{1} -y_{O}right) +y_{0}$$

This is the BVezier curve in terms of the control points. $\left]

M x {0y _{ONEY x_{1hy_{IARM x {2}y _{2hLY x_{3}y_{3}\} \right]$.

Now | will simplify the calculations using a difference table.
These are the first differences.

$$x_{01} =x_{1} -x_{0}$$

$$y_{01} =y_{1} -y_{0}$$

$$x_{12} =x_{2} -x_{1}$$

$$y_{12} =y_{2} -y_{1}$%

$8x_{23} =x_{3} -x_{2}$%

$$y_{23} =y_{3} -y_{2}$$

Substitute in the first differences.

$Bx =t\3} \left( x_{01} -2\,x_{12} +x_{23}right) +3\, \,t{2}
\left( x_{12} -x_{01}\right) +3\, \,t\, \,x_{01} +x_{0}$$

$By =t\3} \left( y_{01} -2\,y_{12} +y {23}right) +3\, \,t{2}
\left(y_{12} -y_{01}\right) +3\, \,t\, \,y_{01} +y {0}$$

These are the second differences.

$8x_{012} =x_{12} -x_{01}$$

$Sy {012} =y {12} -y {01}$$

$8x_ {123} =x_{23} -x_{121$%

$By {123} =y {23} -y {121$%

Substitute in the second differences.

$8x =3} \left( x_{123} -x_{012}right) +3\, \,t"{2}\, \,x {012}
+3\, \,t\, \,x_{01} +x_{0}$$

$By =3} \left( y_{123} -y_{012}right) +3\, \,t"{2}\, \}y {012}
+3\, \,t\, \,y {01} +y {0}$$

These are the third differences.

$5x_ {0123} =x_{123} -x_{012}$%

$Sy {0123} =y {123} -y {012}$%

Substitute in the third differences.

$Bx =t\{3}\, \,x_{0123} +3\, \;tM 2}, \,x_{012} +3\, \,t\, \,x_{01}
+x_{0}$$

$By =t\3}\, \,y_{0123} +3\, \;tM {2}, \,y_{012} +3\, \,t\, \,y {01}
+y_{0}$$

The fastest way to evaluate a B\V'ezier curve is the following:
$8b =x_{012}+x_{012}+x_{012}$$



$$c =x_{01}+x_{01}+x_{01}$$

$$e =y {012}+y {012}+y {012)$$

$$f =y_{01}+y_{01}+y {01}$$

$$x =\left( \left( x_{0123} \,t +b\right) t +c\right) t +x_{0}$$
$$y =\left( \left( y_{0123} \,t +e\right) t +f\right) t +y_{0}$$
\bye



