How to determine the control points of a Bézier
curve that approximates a small circular arc
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Bernstein polynomial

Bézier-Bernstein curve

Consider a four point Bézier
C(t)=(1=1) Py+3t(1—t)’ P, +3¢*(1—1t) P,+1 P, )
C(t)=P,+3(P,—P,)t+3(P,—2P,+P,)t’+(P,—3P,+3P,—P,)t’

C(0)=P,
P

and its derivative
C'(1)==3(1—t)*Py+3(1—1t)(1-3¢)P,+3¢(2—-3t)P,+31* P, @
C'(t)=3(P,—P,)+6(P,—2P,+P,)t+3(P,—3P,+3P,—P,)t

C'(0)=3(P,—P,)
C'(1)=3(P;—P,)
indicate segment PP, istangetto C at P, ,asis P;P, at P; .
0
Consider anarc 4 of sweep 0 , < 90°, bisected by the x-axis. Let d):E

Force the endpoints of C to the endpoints of 4 . Note the symmetry due to bisection.
xy=cos(¢)  x,= cos(¢)  x= x,

) . 3)
yo=sin(¢) y;=—sin(¢) Y3==Y
Force the midtime of C to the midpoint of 4 .
ph=y poshy pashy (e, p=(10) @
27 2l 0 27027 2720 3
Substitute x; with x, and y,with—y,
3 3 1 1 3 3 1
§x0+§x1+§x2+§x3:1 §y0+§J’1+§y2+§Y3:0 -

2x,+3x,+3x,=8 3y,+3»,=0
3x,=8—2x,—3x, V==Y,



Force slopes of end point tangents of C to coincide with those of 4

m _Yo mt:_xoz(J’o_)’1) Rt x X = Yo Y, Kok =Xk Y oy =1—y, y
0 xo 0 yo (xo_xl) 0 01 0 01 0™l 0 0 01 01
(6)
m :& mz:_x3:(y3_yz) Pt x :yz_y v oxx :x2_|_y2_y yi=1—y,p
3 x3 3 y3 (x3_x2) 3 2773 3 273 273 3 3 273 273
(7)

In (7) substitute x,with x,, y;with—y,, and y,with—y, and contrast with (6)

4—x

XX, =1=y,»,=x,x,, thus x,=x, and substituting in (5) gives x,= 3 0

In (6) substitute x, and multiply through by 3
xo(4—x0)=3-3y,,
_3_x0(4_x0) (1=x,)(3—x,)

y = =
: 3y 3%
In final:
0 .0
x0=cos(5) y0=sm(5)
X3 =Xy V3=
X :4_x0 :(1_xo)(3_xo)
1 3 yl 3y0
X=X Yo==1

Use rotation, scaling and translation transformations on P to make the Bezier curve
approximate a circular arc of sweep 6 of an arbitrarily positioned and sized circle.



